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§6.1 ÄÄÄ���VVVggg

z�ÙÆög,ÑéU¦¦3�X�ÙÆ�¼�Ï"Â

Ã���üÑa,�.,
3êÆþ�±y²§3/ú²0�

Æ�¥§´vkù��ÙÆüÑ�.

b���ÙÆö�3?1�X�ÙÆ§zgÙÆÑI�

VÇÑ´1
2
. -{Yn, n = 1, 2, · · · }, ´��ÕáÓ©Ù��Å

Cþ§L«zgÙÆ�(J

P{Yn = 1} = P{Yn = −1} =
1

2

ùp{Yn = 1} ({Yn = −1})L«ÙÆö31ngÙÆ��
I(Ñ).
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XJÙÆöæ^�ÙÆüÑ(=¤eÙ5)�6uc¡�

ÙÆ(J§@o¦�ÙÆ�±^e¡��ÅCþS�

bn = bn(Y1, · · · , Yn−1), n = 2, 3, · · ·

£ã§Ù¥bn < ∞´1ng�Ù5§eÙIK¼|bn§ÄK
ÑKbn.

�X0´TÙÆö�Ð©Ù]§K

Xn = X0 +
n∑
i=1

biYi (6.1.1)

´¦31ngÙÆ��Ù].�±äó

E[Xn+1|Y1, · · · , Yn] = Xn.

¯¢þ§dª(6.1.1)·��±��

Xn+1 = Xn + bn+1Yn+1,
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Ïd

E[Xn+1|Y1, · · · , Yn] =E[Xn|Y1, · · · , Yn] + E[bn+1Yn+1|Y1, · · · , Yn]
=Xn + bn+1E[Yn+1|Y1, · · · , Yn]

(Ï�Xn�bn+1dY1, · · · , Yn(½)

=Xn + bn+1E[Yn+1]

(Ï�{Yn}´Õá�ÅCþS�)

=Xn (Ï� E[Yn+1] = 0, ∀n ≥ 0)

ùy²
§XJzgÙÆ�ÑIÅ¬´þ��§¿�ÙÆü

Ñ´�6uc¡�ÙÆ(J§KÙÆ´/ú²�0. Ïd?

ÛÙÆöÑØ�Uòú²�ÙÆÏLUCÙÆüÑ¦�ÙÆ

C¤k|ugC�ÙÆ.
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½½½ÂÂÂ 6.1.1 �ÅL§ {Xn, n ≥ 0}¡�'u{Yn, n ≥
0}�eee���§XJén ≥ 0, Xn´(Y0, · · · , Yn)�¼ê§E[X+

n ] <

∞,¿�

E[Xn+1|Y0, · · · , Yn] ≥ Xn (6.1.2)

ùpX+
n = max{0, Xn}.
·�¡{Xn, n ≥ 0}�'u{Yn, n ≥ 0}�þþþ���§XJ

én ≥ 0, Xn´(Y0, · · · , Yn)�¼ê,E[X−n ] <∞,¿�

E[Xn+1|Y0, · · · , Yn] ≤ Xn (6.1.3)

ùpX−n = max{0,−Xn}.
e{Xn, n ≥ 0}o�'u{Yn, n ≥ 0}�e��þ�§K

¡��'u{Yn, n ≥ 0}����§ d�

E[Xn+1|Y0, · · · , Yn] = Xn. (6.1.4)
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�£ã�´/ú²0�ÙÆ§e�Úþ�©O£ã


/k|0ÙÆ�/Ø|0ÙÆ.

e¡·�½Â'uσ�ê��.�d§Äk0�k'Vg.

�(Ω,F , P )´���VÇ�m§·�¤?Ø��ÅCþÑ´

½Â3ù�VÇ�mþ�.{Fn, n ≥ 0}´Fþ���σf�ê
¿�¦�Fn ⊂ Fn+1, n ≥ 0§¡��σf�ê6.

�ÅL§{Xn, n ≥ 0}¡�{Fn}···AAA���§ XJ∀n ≥
0, Xn´Fn�ÿ�§=∀x ∈ R§ {Xn ≤ x} ∈ Fn. d�
¡{Xn,Fn, n ≥ 0}�·A�. 3½Â6.1.1¥§½Âe��§

·�b½
Xn´(Y0, · · · , Yn)�¼ê.-Fn = σ{Y0, · · · , Yn},
n ≥ 0§K{Fn, n ≥ 0}´��σ�ê6.Xn´Y0, · · · , Yn�¼
ê�(�¹Â´{Xn}´{Fn}·A�.



9/65

‖J I‖

J I

GoBack

FullScreen

Close

Quit

½½½ÂÂÂ 6.1.2 �{Fn, n ≥ 0}´��F¥�üN4O�
fσ�ê�. �ÅL§{Xn, n ≥ 0}¡�'u{Fn, n ≥ 0}�
���§XJ{Xn}´{Fn}·A�§E[|Xn|] <∞§¿�∀n ≥ 0§

k

E[Xn+1|Fn] = Xn (6.1.5)

·A�{Xn,Fn, n ≥ 0}¡� eee���§XJ∀n ≥ 0,

E[X+
n ] <∞ � E[Xn+1|Fn] ≥ Xn (6.1.6)

þþþ����±aq½Â.

3�Ñ~f�c§k�Ñd½Â��íÑ�·K.
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···KKK 6.1.1 (1) ·A�{Xn,Fn, n ≥ 0}´e���=
� {−Xn,Fn, n ≥ 0}´þ�.

(2) XJ{Xn,Fn}, {Yn,Fn}´ü�e�§ a, b ´ü�

�~ê, K{aXn + bYn,Fn}´e�.

(3) XJ{Xn,Fn}, {Yn,Fn}´ü�e�(½þ�)§K

{max(Xn, Yn),Fn} ({min(Xn, Yn),Fn}) ´e�(þ�).

y²´{ü�§3�SK. 3�·K±9Ù¦aq·K

¥§fσ�ê� {Fn}�±d{Yk, k = 1, 2, · · · , n}O�§=
{Xn}´'u{Yn}�e�.

e±XnL«��ÙÆö31ngÙÆ�¤k�Ù].

ª(6.1.5)L«µ²þ
ó¦3e�gÙÆ(å��Ù]ò

�uy��Ù]§�¦L�ÙÆ�ÑIÃ'.ù�Ò´`�

äk�«/Ã��50§Ó�ùNy��´Æ��ú².
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~~~ 6.1.1 �X1, X2, · · ·´�x"þ�Õá�ÅCþS
�§�E[|Xi|] <∞,-S0 = 0, Sn =

∑n
k=1Xk§K{Sn}´('

uFn = σ(X1, X2, · · · , Xn)�)�. ,	§eXk(k = 1, 2, · · · )þ
�� µ 6= 0§K{Mn = Sn − nµ}´('u{Fn}�)�.

y²µ�E[Xk] = 0, (k = 1, 2, · · · )�§´�Sn´Fn�
ÿ�§
�E[|Sn|] ≤

∑n
i=1E[|Xi|] <∞§u´

E[Sn+1|Fn] =E[X1 +X2 + · · ·+Xn+1|Fn]
=E[X1 + · · ·+Xn|Fn] + E[Xn+1|Fn]
=Sn

l
{Sn}´��'u{Fn}��. Ón�±y²§�E[Xk] =

µ 6= 0, (k = 1, 2, · · · )�§{Mn}�´��'u{Fn}��.
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~~~ 6.1.2 3~6.1.1¥�E[Xk] = µ 6= 0, E[|Xk|] <
∞, (k = 1, 2, · · · )§KkE[|Sn|] <∞§

E[Sn+1|Fn] = E
[ n∑
i=1

Xi +Xn+1|Fn
]

= Sn + µ

w,§eµ > 0(µ < 0)§K{Sn}´�'u{Fn}�e�(þ

�).
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~~~ 6.1.3 �Ä��ú²Æ�¯K. �X1, X2, · · ·Õá
Ó©Ù§©Ù¼ê�

P{Xi = 1} = P{Xi = −1} =
1

2

u´�±òXi(i = 1, 2 · · · )w���ÝM1iZ�(JµX
JÑy�¡ÒI1�§Ñy�¡KÑ1�. b�·�U±e�

5K5ÙÆ§zgÝ�M1�c�Ù5Ñ'þ�g���§

��I
ÙÆ=Ê. -WnL«1ngÙÆ�¤Ñ(½I)�o

aê, KW0 = 0§duÃØÛ���I
ÒÊ�ÙÆ§¤

±WnlI
��åÒØ2Cz§u´kP{Wn+1 = 1|Wn =

1} = 1.
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eb�cngÝ��M1ÑÑy
�¡§Uì5K§·

�®²Ñ
 1 + 2 + 4 + · · · + 2n−1 = 2n − 1 �§=Wn =

−(2n − 1). bXe�gM1Ñy�´�¡§U5KWn+1 =

2n − (2n − 1) = 1§dú²�cJ��

P{Wn+1 = 1|Wn = −(2n − 1)} =
1

2

P{Wn+1 = −2n − 2n + 1|Wn = −(2n − 1)} =
1

2

´yE[Wn+1|Fn] = Wn§ùpFn = σ(X1, · · · , Xn)§l


{Wn}´��'u{Fn}��.
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~~~ 6.1.4 ·��±r~6.1.32��z.�X1, X2, · · ·E
X~6.1.3b½§
zgÙÆ¤eÙ5ò�c¡M1�Ý�(

Jk'§±BnP1ng¤e�Ù5§KBn´X1, · · · , Xn−1�

¼ê, �ó�Bn´Fn−1�ÿ� (�B1�~ê).E,-WnÓ

~6.1.3�½Â§W0 = 0§Kk

Wn =
n∑
j=1

BjXj

b�E[|Bn|] < ∞(ù�y
zg�Ù�Ñk�½!�)§@

o{Wn}´��{Fn} �.
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¯¢þ§5¿�E[|Wn|] < ∞ (ù�dE[|Bn|] < ∞�
�)§
�Wn´Fn �ÿ�§¿�

E[Wn+1|Fn] =E[
n+1∑
j=1

BjXj|Fn]

=E[
n∑
j=1

BjXj|Fn] + E[Bn+1Xn+1|Fn]

=
n∑
j=1

BjXj +Bn+1E[Xn+1|Fn]

=Wn +Bn+1E[Xn+1]

=Wn
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~~~ 6.1.5 (Polya�fÄ��.) �Ä��Ckù!�

üÚ¥��f.b��Ð�f¥Ckù!�üÚ¥���§z

gÑUXe5Kk�£/�ÅÄ�µXJ<Ñ�´ùÚ�

¥§K�£�Ó�2\\��ÓÚ�¥¶XJ<Ñ´�Ú�

¥�æ�Ó��{. ±XnL«1ngÄ���f¥�ù¥ê§

KX0 = 1§�{Xn}´����à�Markovó§=£VÇ�

P{Xn+1 = k + 1|Xn = k} =
k

n+ 2

P{Xn+1 = k|Xn = k} =
n+ 2− k
n+ 2

-MnL«1ngÄ��ù¥¤Ó�'~§KMn = Xn

n+2
§¿

�{Mn}´���. ù´Ï�

E[Xn+1|Xn] = Xn +
Xn

n+ 2
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du{Xn}´��Markovó§KFn = σ(X1, · · · , Xn)¥

éXn+1kK��&EÑ�¹3Xn¥§¤±

E[Mn+1|Fn] =E[Mn+1|Xn]

=E

[
Xn+1

n+ 1 + 2
|Xn

]
=

1

n+ 3
E[Xn+1|Xn]

=
1

n+ 3
E[Xn +

Xn

n+ 2
]

=
Xn

n+ 2
= Mn.

�~ïÄ��.´PolyaÄgÚ\�§§·^u£ã+

NO�ÚD/¾�DÂ�y�.



19/65

‖J I‖

J I

GoBack

FullScreen

Close

Quit

e¡�Ún�±4·�d®���½e��EÑNõ#

�e�.

�Ä½Â3k¡�Ã¡m«mIþ�¼êϕ(x)§¡§�

à�§e∀x, y ∈ I, 0 < α < 1§k

αϕ(x) + (1− α)ϕ(y) ≥ ϕ[αx+ (1− α)y] (6.1.7)

¤á.

ÚÚÚnnn 6.1.1 (^�JensenØ�ª)�ϕ(x)�¢ê8Rþ
�à¼ê§�ÅCþM÷v

(1) E[|M |] <∞;
(2) E[|ϕ(M)|] <∞.

Kk

E[ϕ(M)|Fn] ≥ ϕ[E[M |Fn]] (6.1.8)

Ù¥Fn´?¿4O�σ�ê�.
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ª(6.1.8)´Í¶�^�JensenØ�ª§d§=���±

e½n.

½½½nnn 6.1.1 �{Mn, n ≥ 0}´'u{Fn, n ≥ 0} �
�(e�), ϕ(x)´Rþ�à¼ê§�÷vE[ϕ(Mn)+] <∞, ∀n ≥
0§K {ϕ(Mn), n ≥ 0}´'u{Fn, n ≥ 0}�e�. AO
/§{|Mn|, n ≥ 0}´e�¶�E[M2

n] < ∞, ∀n ≥ 0�§

{M2
n, n ≥ 0}�´e�.

y²µ�â½Â´y§�Öö|^Ún6.1.1í�.
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§6.2 ������ÊÊÊ���½½½nnn999ÙÙÙAAA^̂̂

§6.2.1 ������ÊÊÊ���½½½nnn

�!¥·�¤?Ø��§Ñ´�'u,��ÅCþS�

��.¤���(Øé'uσ�ê6���´¤á�§�
B

un)ÚA^§·�vkJ¦(Ø���5. éu��'

u{Xn, n ≥ 0}��{Mn, n ≥ 0}§´�∀n ≥ 0§k

E[Mn] = E[M0] (6.2.1)

·����XJrd?�½��mn�����ÅCþT§

´ÄE,k

E[MT ] = E[M0] (6.2.2)
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��/§d(Ø�7¤á.�3�½�^�e�±�y

§¤á§ùÒ´��Ê�½n. ��Ê�½n�¿Â´µ/3

ú²�ÙÆ¥§\Ø�UI.0��{Mn, n ≥ 0}´�«ú²
�Æ�, MnL«Û¥<1ngÙÛ(å��Ù�.ª(6.2.1)`

²¦3zgÙÛ(å��Ù��¦m©��Ù���§�´

¦�7��Ùe�§¦�±ÀJ?���Ê�ÙÆ§ù��

�´�Å�.ª(6.2.2)`²¦Ê���Ù�Ú¦m©��Ù

��Ó§,
éN´wÑ3����¹e§ù´Ø�(�.'

X~6.1.3¥�ÙÆöæ��üÑ§Ò�±�y¦3I���

�(å§¤±·���ª(6.2.2)�¤áN\�
^�.
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½½½ÂÂÂ 6.2.1 (Ê�) �{Xn, n ≥ 0}´���ÅCþS
�§¡�Å¼êT´'u{Xn, n ≥ 0}�Ê�§XJ T3{0, 1, 2, · · · ,∞}¥
��§�éz�n ≥ 0§ {T = n} ∈ σ(X0, X1, · · · , Xn).

d½Â·���¯�{T = n}½{T 6= n}ÑATdn�
�9Ù�c�&E��(½§
ØI��Ã{/Ïò5��

¹.E,£�ú²Æ��~f§ÙÆöû½Û�Ê�ÙÆ�

U±¦®²ÙL�(J��â§
ØU`§XJ·e�g�

Ñ·y3ÒÊ�ÙÆ§ù´éÊ���T �1���¦µ§

L´��Ê�.

±ewA�Ê��~f.

~~~ 6.2.1 (½��T = n´��Ê�§=3ÙÆm©

®(½nÛ���½(å§´�ù´��Ê�.
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~~~ 6.2.2 (Ä��){Xn, n ≥ 0}´���ÅCþS�§
A´��¯�8§-

T (A) = inf{n,Xn ∈ A},¿�½ T (∅) = inf{n,Xn ∈ ∅} =∞,

��T (A)´{Xn, n ≥ 0}Äg?\A(=u)
A¥¤¹¯

�)���§¡T (A)´{Xn, n ≥ 0}�8ÜA �Ä��§�
±y²T (A)´'u{Xn, n ≥ 0}�Ê�.¯¢þ

{T (A) = n} = {X0 /∈ A,X1 /∈ A, · · · , Xn−1 /∈ A,Xn ∈ A}

w,{T (A) = n}��dX0, X1, · · · , Xnû½§l
T (A)´

'u{Xn, n ≥ 0}�Ê�.

~~~ 6.2.3 XJTÚS´ü�Ê�§KT+S,min(T, S)Ú

max(T, S)�´Ê�. ù�deã{ü�·K5y².
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···KKK 6.2.1 �T´��u{0, 1, 2, · · · ,∞}��ÅCþ§
Keãnö�d

(1) {T = n} ∈ σ(X0, X1, · · · , Xn);
(2) {T ≤ n} ∈ σ(X0, X1, · · · , Xn);
(3) {T > n} ∈ σ(X0, X1, · · · , Xn).

��5¿�Xe�ª§=�y²(1),(2),(3)��d5.

{T ≤ n} =
n⋃
k=0

{T = k}

{T > n} = Ω− {T ≤ n}
{T = n} = {T ≤ n} − {T ≤ n− 1}

ùÒ�±y²T + S,max(T, S)Úmin(T, S)´Ê�.A

O/§d~6.2.1��§~ê n´Ê�. �T´Ê�§-Tn =

min{T, n}, Kz�TnÑ´Ê�§¿�k T0 ≤ T1 ≤ T2 ≤
· · · ≤ Tn ≤ n, ∀n.



26/65

‖J I‖

J I

GoBack

FullScreen

Close

Quit

3�ÑÊ�½n�ck5¿±e¯¢ .

···KKK 6.2.2 �{Mn, n ≥ 0}´��'u{Xn, n ≥ 0}�
�§T´��'u{Xn, n ≥ 0}�Ê�¿�T ≤ K§Fn =

σ(X0, X1, · · · , Xn)§K

E[MT |F0] = M0

AO/§

E[MT ] = E[M0]

y²µduT ≤ K§=T��k��§��T = j�MT =

Mj§·��±rMT��

MT =
K∑
j=0

MjI{T=j} (6.2.3)

éª(6.2.3)'uFK−1�^�Ï"§k
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E[MT |FK−1] =E[
K∑
j=0

MjI{T=j}|FK−1]

=E[
K−1∑
j=0

MjI{T=j}|FK−1] + E[MKI{T=K}|FK−1]

�j ≤ K − 1�§MjÚI{T=j}Ñ´FK−1�ÿ�§l


E[
K−1∑
j=0

MjI{T=j}|FK−1] =
K−1∑
j=0

MjI{T=j}

qÏ�T ≤ K®�§K{T = K}�{T > K − 1}´�d�§
d~6.2.3¥(J� {T > K − 1} ∈ σ(X0, · · · , XK−1)§Ï

d

E[MKI{T=K}|FK−1] = I{T>K−1}E[MK|FK−1]

= I{T>K−1}MK−1
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l


E[MT |FK−1] = I{T>K−1}MK−1 +
K−1∑
j=0

MjI{T=j}

= I{T>K−2}MK−1 +
K−2∑
j=0

MjI{T=j}

­E±þ$�§'uFK−2�^�Ï"§·��±��

E[MT |FK−2] =E[E[MT |FK−1]|FK−2]

= I{T>K−3}MK−2 +
K−3∑
j=0

MjI{T=j}

UYù��L§§�ªk

E[MT |F0] = I{T≥0}M0 = M0
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ù�·K´�Ê�½n��«AÏ�¹§�±wÑ§

§�^��r
§¢Sþ·�a,��¯K¥NõÑØ

÷vTk.ù�î��^�.b�T´�Ê�¿� P{T <

∞} = 1§�Ò´`±VÇ1�±�y¬Ê�(�éu P{T =

∞} > 0). ��Tk.ØÓ�´§¿vk(½�K¦P{T ≤
K} = 1. ~X§þ¡Æ��~f§ÙÆö¿ØU(½3

,����c�½Ê�ÙÆ§��±�yù|ÙÆØ¬Ã

�Ï/òYe�§@o3ù«�¹e§Û«^�e�±�

�E[MT ] = E[M0]�(ØQº

�ÄÊ�Tn = min{T, n}§5¿�
MT = MTn +MTI{T>n} −MnI{T>n}

l


E[MT ] = E[MTn] + E[MTI{T>n}]− E[MnI{T>n}]

�±wÑ§Tn´��k.Ê�(Tn ≤ n)§dþ¡·K�

�E[MTn] = E[M0].
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·�F"�n → ∞�§�¡ü�ªu0§éu1��

5`§ù´Ø(J�§Ï� P{T < ∞} = 1§¤±�n →
∞�§P{T > n} → 0§E[MTI{T>n}]��uéMT��3�

�ªu�8�8Üþ�Ï".N´wÑe�¦E[|MT |] < ∞§
Ò��y E[MTI{T>n}]→ 0.

1n��æ��
§�Äc¡�~6.1.3§3ù�~f

¥§¯�{T > n}��u¯�µcngÝ�M1, þÑy�

¡. ù�VÇ´(1
2
)n§XJù�¯�u)
, K��ÙÆö®

²ÑK
2n − 1�§=Mn = 1− 2n§l


E[MnI{T>n}] = 2−n(1− 2n)

�n → ∞�§þª¿Øªu0, ù�´��oÊ�½n�(

Ø3d?Ø¤á��Ï. ,
XJ MnÚT÷v

lim
n→∞

E[|Mn|I{T>n}] = 0

·�Ò�±�Ñ(ØE[MT ] = E[M0].·�rù�L§�¤

Xe�Ê�½n.
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½½½nnn 6.2.1 (���ÊÊÊ���½½½nnn)
�{Mn, n ≥ 0}´��'u{Fn = σ(X0, X1, · · · , Xn)}�

�§T´Ê��÷v

(1)P{T <∞} = 1; (6.2.4)

(2)E[|MT |] <∞; (6.2.5)

(3) lim
n→∞

E[|Mn|I{T>n}] = 0. (6.2.6)

Kk

E[MT ] = E[M0]
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~~~ 6.2.4 �{Xn}´3{0, 1, · · · , N}þ�{ü�Åi
Ä(p = 1

2
)§¿�0ÚN�ü�áÂ9.�X0 = a§K{Xn}´

���(Á{üy²). -T = min{j : Xj = 0½N}§KT´
��Ê�§duXn���k.§�ª(6.2.5)(6.2.6)÷v(5

¿�e�����k.�ª(6.2.4)¤á§Kª(6.2.5)Úª(6.2.6)�

½¤á§ù�´,�«/ª��Ê�½n).l


E[XT ] = E[X0] = a

dud�XT��ü��N, 0§

E[XT ] = N · P{XT = N}+ 0 · P{XT = 0}

l
��

P{XT = N} =
E[XT ]

N
=
a

N
=3�áÂ��§?uN:�VÇ� a

N
.
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~~~ 6.2.5 -XnÚTX~6.2.4½Â, b½Mn = X2
n−n,

K{Mn}´'u{Xn}��. ù´Ï�

E[Mn+1|Fn] =E[X2
n+1 − (n+ 1)|Fn]

=X2
n + 1− (n+ 1) = X2

n − n = Mn

´�§d�MnØ´��k.�§ØUá��Ñª(6.2.5),(6.2.6)¤

á§�´�±y²§�3C <∞, ρ < 1§¦�

P{T > n} ≤ Cρn (6.2.7)

Ï�|Mn| ≤ N2 + n§��E[|MT |] <∞§¿�

E[|Mn|I{T>n}] ≤ Cρn(N2 + n)→ 0

l
Ê�½n�^�÷v§·�k(Ø

E[MT ] = E[M0] = a2
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5¿�

E[MT ] = E[X2
T ]− E[T ]

= N2P{XT = N}+ 0 · P{XT = 0} − E[T ] = aN − E[T ]

l


E[T ] = aN − a2 = a(N − a)

ù´Ê��cI��²þ�m.

555 ª(6.2.7)´Markovó¥���¯K§�{Xn}´�
�Ø���Markovó§G��m� {0, 1, · · · , N}§K�
3C <∞, ρ < 1§¦�

P{Xm 6= j,m = 0, 1, · · · , n|X0 = i} ≤ Cρn

Öö�gCy².(J«µ�3δ > 0,¦�∀i§liÑu3NÚ
S��Lj�VÇ�uδ.)
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~~~ 6.2.6 -Xn´��3{0,±1,±2, · · · }þ�{ü�
ÅiÄ(p = 1

2
),·�®²��{Xn}´���§-T = min{j :

Xj = 1}. d~5.2.4�ù�{ü�ÅiÄ´~��§l


P{T < ∞} = 1. qdXT = 1�E[XT ] = 1 6= 0 =

E[X0]§¤±Ê�½nØ¤á. ¢Sþ§d�Ê�½n�^

�´Ø÷v�§·�Ø2�ÑäNy²§��ÑXe¯¢µ

3ù«�¹e§P{T > n} ∼ Cn−1
2, C�~ê§l


E[|Xn|I{T>n}] 6→ 0
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30�
��Ê�½n��§·�{ü/?Ø�ek'

þ�Ê�½n�ü�(J. ù3e¡�~f¥´7I�.

½½½nnn 6.2.2 �{Mn, n ≥ 0}´'u{Xn, n ≥ 0} �þ
�§T´'u{Xn, n ≥ 0}�Ê�§ Tn = min(T, n). ��
3��K�ÅCþW§÷vE[W ] <∞§�¦�

MTn ≥ −W, ∀n ≥ 0

Kk

E[M0] ≥ E[MTI{T<∞}].

AO/§eP{T <∞} = 1§Kk

E[M0] ≥ E[MT ].

y²Ñ.
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íííØØØ 6.2.1 �{Mn, n ≥ 0}´'u{Xn, n ≥ 0}�þ
�§T´'u{Xn, n ≥ 0}�Ê�§� Mn ≥ 0§Kk

E[M0] ≥ E[MTI{T<∞}].

·�®²��éuþ�§kE[Mn] ≤ E[M0], ∀n ≥ 0§

d?þ�Ê�½n`²�rn��Ê�T�§3N\,
^

��cJe§(Ø�¤á.
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§6.2.2 ÊÊÊ���½½½nnn���AAA^̂̂))))))'''uuuÏÏÏ���������...

�,«�¦�ü�þ½dW0 = w§±WnL«1nU�

m�d§-

Yn =
Wn

Wn−1
, n ≥ 1

Kk

Wn = wY1Y2 · · ·Yn, ∀n ≥ 1 (6.2.8)

�Ä�«Ï�§§�yÏ�±k<�±3��½�Ï�S±

ý½�d�	\�¦. Ø��ù�ý½�1¦Ï��d 

�1§¿b�·��Ä�Ï�1¦Ï��Ã�. eWn > 1§

KÏ�±k<k�U31nU1¦Ï�§±d 1	\�¦§

á=±Wnd �Ñ§l
¼| Wn − 1¶eWn < 1KÃ{

¼|.dd§Ï�±k<31nU�d3|d�
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r(Wn) = (Wn − 1)+ =

{
Wn − 1, Wn ≥ 1

0 , Wn < 1
∀n ≥ 1

(6.2.9)
�byÇ�a > 0§òr(Wn)by�11U�e−nar(Wn)§�

�?�Ê�T��1¦Ï����§·��Ïée−nar(Wn)�

Ï"��þ.§=ù�Ï��p�d3|d�õ�.�d�

éYn�Ñ��b�§b½�3θ > 1 ¦�

E[Y θ
n |Y0, Y1, · · · , Yn−1] ≤ ea, ∀n ≥ 1 (6.2.10)

¡

f(w, θ) = sup
T
E[e−aTr(WT )] (6.2.11)

�Ð©ü�d�w�Ï��.ª(6.2.11)¥�þ(.´é��

'u{Yn}�Ê� T��.Ï�{Yn}÷vª(6.2.10)§¤±TÏ

��f(w; θ) �(6.2.10)¥�ëêθk'.
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½½½nnn 6.2.3 �{Yn}�Xþ½Â¿÷vª(6.2.10)§
W0 = w,KÏ��f(w, θ)÷vØ�ª

f(w, θ) ≤ g(w, θ)

Ù¥

g(w, θ) =

{
wθ(θ−1)θ−1

θθ
, ew ≤ θ

θ−1

w − 1 , ew > θ
θ−1

(6.2.12)

y²µy²©�oÜ©.

(1)é?¿�½�t > 1, ½Â

ν(w, t) =
wt(t− 1)t−1

tt
, ∀w ≥ 0 (6.2.13)

Kk

ν(w, t) ≥ g(w, θ), ∀1 < t ≤ θ, w ≥ 0 (6.2.14)
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¯¢þ§eP

ht(w) = ν(w, t)− (w − 1), w0 =
t

t− 1
>

θ

θ − 1

�±�yht(w0) = h′t(w0) = 0§d?�ê´éCþw�

�. ,	§�±�yh′′t (w) > 0, ∀w ≥ 0.u´��ht(w) ≥
ht(w0) = 0, ∀w ≥ 0§½�d/

ν(w, t) ≥ w − 1, ∀w ≥ 0 (6.2.15)

2O�ln ν(w, t)'ut��ê§{z��

d ln ν(w, t)

dt
= ln

(
w

t/(t− 1)

)
þª3w < θ

θ−1
��K. ùL²�tl÷v w ≤ θ

θ−1
�θm©

~��, ν(w, t)òO\.u´�w ≤ θ
θ−1
�,

ν(w, t) ≥ ν(w, θ) = g(w, θ), ∀1 < t ≤ θ (6.2.16)

nÜª(6.2.15)Ú(6.2.16)��ª(6.2.14).
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(2)�y

g(w, θ) ≥ e−aE [g(w × Yn, θ)] , ∀w ≥ 0, n ≥ 1 (6.2.17)

Äkdª(6.2.10)��

E[Y θ
n ] = E[E[Y θ

n |Y0, · · · , Yn−1]] ≤ ea, ∀n ≥ 1 (6.2.18)

u´§� w ≤ θ
θ−1
�§k

g(w, θ) = ν(w, θ) (d6.2.13)

≥ e−aν(w, θ)E[Y θ
n ] (d6.2.18)

= e−aE[ν(w × Yn, θ)] (d6.2.13)

≥ e−aE[g(w × Yn, θ)] (d6.2.14)
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�w > θ
θ−1
�§Y x

n´x ∈ [0, θ]�à¼ê§¿� E[Y 0
n ] =

1 < ea§dJensenØ�ªÚª(6.2.18)��

E[Y
w
w−1
n ] ≤ ea, ∀

w

w − 1
< θ (6.2.19)

Ïd

g(w, θ) =w − 1 = ν(w,
w

w − 1
)

≥ e−aE[ν(w × Yn,
w

w − 1
)]

≥ e−aE[ν(w × Yn, θ)]
≥ e−aE[g(w × Yn, θ)]

dd��ª(6.2.17)¤á.
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(3)-

Xn = e−nag(Wn, θ), ∀n ≥ 0 (6.2.20)

K{Xn, n ≥ 0}´'u{Yn}��Kþ�.

¯¢þ§´�Xn´Y0, Y1, · · · , Yn�¼ê§qduWn =

Wn−1Yn§Wn−1´Y0, Y1, · · · , Yn−1�¼ê. dª(6.2.20)Ú

(6.2.17)��

E[Xn|Y0, · · · , Yn−1] = e−naE[g(Wn−1 × Yn, θ)|Y0, · · · , Yn−1]

≤ e−(n−1)ag(Wn−1, θ)

=Xn−1

ùÒy²
{Xn, n ≥ 0}´'u{Yn}��Kþ�§u´dí
Ø6.2.1��éu{Yn}�?�Ê�T§Ak

E[X0] ≥ E[XTI{T<∞}]

2dª(6.2.20)�§�T =∞�§XT = 0§u´þªA�

g(w, θ) ≥ E[e−αTg(WT , θ)] (6.2.21)
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(4)��y²½n(Ø§ky²

g(w, θ) ≥ r(w) = (w − 1)+ (6.2.22)

�w < θ
θ−1
�, ´�Ñ

dg(w, θ)

dw
=

(
θ − 1

θ

)θ−1

wθ−1 < 1

ü>È©�

g(
θ

θ − 1
, θ)− g(w, θ) <

θ

θ − 1
− w

¤±�w < θ
θ−1
�§dª(6.2.12)��

g(w, θ) > w − 1

d	kg(w, θ) ≥ 0, ∀w ≥ 0§¿��w ≥ θ
θ−1
�§

g(w, θ) = w − 1
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ùÒy²
ª(6.2.22).d(6.2.21)Ú(6.2.22)üª��

g(w, θ) ≥ E[e−aTr(WT )]

2dÊ��?¿5§=�½n(Ø¤á.

5551: dª(6.2.14)·���

g(w, θ) ≤ ν(w, θ) =
wθ(θ − 1)θ−1

θθ
, ∀w ≥ 0

eÐ©ü�dw�L θ
θ−1
§KÏ��²þd3|d�õ�

g(w, θ) = w−1.ù���ÏL=�1¦Ï�¼�(�T = 0)§

ùL«§���¦�ü�d��L θ
θ−1
§Ï�±k<ÒAê

þ1¦¦�Ï�±Ï¼����Ý�d3|d.

5552: �½n´±ª(6.2.10)��cJ�§XJéù�b

��3~¦§K½nÒØ·^§���5ùù�b�´Ün

�§�uθ�À�§��â± �²�½öÚO�{¼�.
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§6.3 ���������ÈÈÈ555

3��Ê�½n�^�¥§ª(6.2.6)��´éJ�y

�§�d·�ò�Ñ�
N´�y�^�§ù
^�´�¹


ª(6.2.6)�.

Äk�Ä���ÅCþX§÷vE[|X|] < ∞§|X|�©
Ù¼ê�F , K

lim
n→∞

E[|X|I{|X|>n}] = lim
n→∞

∫ ∞
n

|X|dF (x) = 0

�P{|X| > n} = δ§A´,	��u)VÇ�δ�¯

�§=P (A) = δ. N´wÑ E[|X|IA] ≤ E[|X|I{|X|>n}]§l

·��±k±e(ØµXJ�ÅCþX÷vE[|X|] < ∞§
K∀ε > 0,∃δ > 0, �P (A) < δ�, E[|X|IA] < ε.
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½½½ÂÂÂ 6.3.1 b�k���ÅCþX1, X2, · · ·§¡§�
´���È�§XJ∀ε > 0, ∃δ > 0, ¦�∀A,�P (A) <

δ�,

E[|Xn|IA] < ε (6.3.1)

é?¿n¤á.

ù�½Â�'�3uδØU�6un§¿�ª(6.3.1)é?

¿n¤á. k���Ø���È�~f.

~~~ 6.3.1 �Ä~6.1.3. -An´¯�{X1 = X2 =

· · · = Xn = −1}§KP (An) = 1
2n
§E[|Wn|IAn] = 2−n(2n −

1)→ 1. N´wÑ§Ø÷v���È�^�.
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b�{Mn, n ≥ 0}´��'u{Xn, n ≥ 0}����È
�§T´Ê��P{T < ∞} = 1 ½limn→∞P{T > n} = 0.

Kd���È5��

lim
n→∞

E[|Mn|I{T>n}] = 0

=ª(6.2.6)¤á§âd·��ÑÊ�½n�,�«Qã.

½½½nnn 6.3.1 (Ê�½n)�{Mn, n ≥ 0}´��'u{Xn, n ≥
0}����È�§T´Ê�§÷vP{T <∞)} = 1�E[|MT |] <
∞, KkE[MT ] = E[M0].
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���È�^���'�J�y§e¡�Ñü����

È�¿©^�.

···KKK 6.3.1 b�X1, X2, · · ·´���ÅCþ§¿��
3~êC < ∞§¦�E[X2

n] < Cé¤k�n¤á§KdS�

´���È�.

y²µ∀ε > 0§-δ = ε2

4C
§�P (A) < δ§K

E[|Xn|IA] =E[|Xn|I{A∩{|Xn|≥2C
ε
}}] + E[|Xn|I{A∩{|Xn|<2C

ε
}}]

≤
ε

2C
· E[|Xn|2I{A∩{|Xn|≥2C

ε
}] +

2C

ε
· P{A ∩ {|Xn| <

2C

ε
}}

≤
ε

2C
E[X2

n] +
2C

ε
P (A) < ε
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···KKK 6.3.2 �{Mn}´'u{Fn}��. XJ�3��
�K�ÅCþY§÷vE(Y ) < ∞� |Mn| < Y§∀n ≥ 0¤

á§K{Mn}´���È�.

�ÖögCy²d·K.���È�¿©^��k�
§

·�Ø2õ�Þ
.

~~~ 6.3.2 (©|L§)-XnL«©|L§1n���

Nê. �z��N�)���©Ùkþ�µ Ú��σ2§

K{Mn = µ−nXn}´'u{Xn, n ≥ 0}��(SK6.3). b

�µ > 1§K�3��~êC§¦�∀n,E[M2
n] < C§l


{Mn}´���È�(SK6.6(2)).
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§6.4 ���ÂÂÂñññ½½½nnn

�Ø¥kü����(Ø§��´þ!�Ê�½n§,

��Ò´�Âñ½n. �!·�ò0���Âñ½n.

�Âñ½n`²3é���^�e§�{Mn}¬Âñ�
���ÅCþ§3dP�M∞. ·�Äk5�Ä��AÏ�

~f))Polyas�fÄ��.(~6.1.5)§-MnL«1ng¹

¥�ù¥¤Ó�'~§�n → ∞�§ù�'~¬XÛCz
Qºe¡5`²ÙCzª³.
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�0 < a < b < 1, Mn < a§�-

T = min{j : j ≥ n,Mj ≥ b}
=TL«ng¹¥��1��'~l�ua���b���. -

Tm = min{T,m}§Kéum > n§dÊ�½n��

E[MTm] = Mn < a

�´

E[MTm]≥E[MTm · I{T≤m}]
=E[MTI{T≤m}]

≥ b · P{T ≤ m}
l


P{T ≤ m} <
a

b
Ï�þªé��m > n¤á§u´k

P{T <∞} ≤
a

b
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ù`²��±VÇ1 − a
b
ù¥�'~[�Ø¬�Lb§y

3·�b½ù�'~(¢�L
b§@o§U
2�gü£

�a±e�VÇ´õ�QºÓ��?Ø��§ù�VÇ��

�1−b
1−a.UYÓ��?Ø§·��±��§laÑu�Lb§2

�u a§2�ub, · · · · · ·kn�Ì��VÇA�

(
a

b
)(

1− b
1− a

)(
a

b
) · · · (

a

b
)(

1− b
1− a

) = (
a

b
)n(

1− b
1− a

)n→ 0, (n→∞)

dd��§ù�'~Ø¬3a, b�mÃ�g/a�.da, b�

?¿5§�L²ù�'~Ø¬3?¿�ü�ê�mÃ�/a

�§�ó�§4�limn→∞Mn�3§P�M∞. ù�4�´

���ÅCþ§�±y²M∞Ñl[0, 1]þ�þ!©Ù(�S

K6.7).
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e¡·��Ñ���(Ø.

½½½nnn 6.4.1 (�Âñ½n)�{Mn, n ≥ 0}´'u{Xn, n ≥
0}��§¿��3~êC < ∞§¦�E[|Mn|] < Cé?

¿n¤á§K�n→∞�§ {Mn}Âñ����ÅCþM∞.
�½n�y²�c¡�?Øaq§Ñ�.e¡·��Ñ

��(Ø.

½½½nnn 6.4.2 XJ{Mn, n ≥ 0}´'u{Xn, n ≥ 0}��
��È�§Klimn→∞Mn�3§P�M∞§¿�

E[M∞] = E[M0].

y²Ñ.
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~~~ 6.4.1 -XnL«©|L§¥1n���Nê§z

��N)����©Ùkþ�µÚ�� σ2§b½X0 = 1§

-Mn = µ−nXn.dc¡~f®²��{Mn}´�. XJµ ≤
1§d15Ù�(Ø®²��«ý�½¬u)§ddMn →
M∞ = 0, l
E[M∞] 6= E[M0].3þ!·�`²
eµ >

1§KMn´���È�§¤±3µ > 1�§kE[M∞] =

E[M0] = 1.
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~~~ 6.4.2 -X1, X2, · · ·��ÕáÓ©Ù�ÅCþS�§
P{Xi = 1} = P{Xi = −1} = 1

2
§-

Mn =
n∑
j=1

1

j
Xj

K{Mn}´�.

·�5y²{Mn}´���È�§w,E[Mn] = 0§K

E[M2
n] = V ar[Mn] =

n∑
j=1

V ar[
1

j
Xj] =

n∑
j=1

1

j2
≤

∞∑
j=1

1

j2
<∞

l
�n→∞�§Mn→M∞¿�E[M∞] = 0.
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~~~ 6.4.3 2�ÄPolya�.(~6.1.5). ùpb½�Ð

�f¥km��¥§k�ù¥§¤±31ng¹¥��f¥

Akn + m + k�¥. b½Mn�ù¥�'~. Ï�0 <

Mn < 1§N´wÑ {Mn}´���È�§¤±�n→∞�§
Mn →M∞¿�E[M∞] = E[M0] = k

k+m
. �±y²§M∞Ñ

lBeta©ÙB(m, k)§Ù©Ù�Ý�

Γ(k +m)

Γ(k)Γ(m)
xk−1(1− x)m−1, 0 < x < 1

y²Ñ.

3BayesÚO¥§ù�(J´ég,�.b�·�é,

�¯�u)�VÇPa,�§
éP q�Ã¤�§·�Ò

�Ub½P´[0, 1]þ�þ!©Ù(ùÒ´k�©Ù). y3b

�·����
k+m−2gÁ�§¯�u)
k−1g§K�

âBayes½n,éP���©ÙÒAT´ëê�kÚm�Beta©

Ù.
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~~~ 6.4.4 -{Mn}´�'uX0, X1, · · ·��§T´Ê
�§�P{T < ∞} = 1§- Tn = min(T, n), Yn = MTn§

KYn → Y∞�Y∞ = MT .�âÊ�½n§e {Mn}´���
È�§òkE[Y∞] = E[Y0].

~~~ 6.4.5 -X1, X2, · · ·´ÕáÓ©Ù��ÅCþS�§
P{Xi = 3

2
} = P{Xi = 1

2
} = 1

2
. -M0 = 1,én > 0,-Mn =

X1X2 · · ·Xn. 5¿� E[Mn] = E[X1] · · ·E[Xn] = 1, ¢S

þ

E[Mn+1|Fn] =E[X1 · · ·Xn+1|Fn]
=X1 · · ·Xn · E[Xn+1|Fn]
=X1 · · ·Xn · E[Xn+1] = Mn

¤±{Mn}´'uX1, X2, · · ·��. duE[|Mn|] = E[Mn] =

1§�Âñ½n�^�¤á§l


Mn→M∞.
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@o{Mn}���Èíº�Y´Ä½�. ¯¢þ§M∞ =

0(ù� E[M∞] 6= E[M0]). �d�Ä

lnMn =
n∑
j=1

lnXj

m>´ÕáÓ©Ù�ÅCþ�Ú§¿�

E[lnXi] =
1

2
ln

1

2
+

1

2
ln

3

2
< 0

�â�ê½Æ lnMn → −∞§l
Mn → 0. �{Mn}Ø´
���È�.
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§6.5 ëëëYYY���

c¡·�?Ø
��Ê�½n§�¡��ÀÄ�½

n(optional sampling theorem)Ú�Âñ½n.�5¿ùp

��Ñ´±lÑ�mn�ëê�.¯¢þ§éuëYëê�

(E¡��)�kaq½n§ÑuA^��Ä§·�Ø\y²

/�Ñù
½n.Ó�|^§�y²Lundberg-Cramer»�

nØ¥�LundgergØ�ª.

Äk�Ñ��½Â.�(Ω,F , P )´�����VÇ�m¶

(Ft)t≥0����ü�F�fσ�ê6.�Ö¥¤�9�fσ�

ê6Ñ´�ü�§Ïd±�·�Òò/�ü�0�Ñ§{¡

�fσ�ê6.
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½½½ÂÂÂ 6.5.1 �ÅL§{X(t), t ≥ 0}({P�{Xt})¡
�{Ft}·A�§XJéz�t ≥ 0, Xt�Ft�ÿ(=∀B ∈ B§
kX−1

t (B) ∈ Ft). ��·AL§{Xt}¡�'u{Ft}��§
XJz�Xt�È(=E[|Xt|] <∞)§�é��0 ≤ s < t§k

E[Xt|Fs] = Xs, a.s. (6.5.1)

AO/§�Ft = σ(Xu, 0 ≤ u ≤ t)(d{Xu, 0 ≤ u ≤ t})¤
�σ�ê§=�¹��/X {Xs ≤ x}(s ≤ t, x ∈ R)�¯�

���σ�ê)�§ª(6.5.1) C�

E[Xt|Xu, 0 ≤ u ≤ s] = Xs, a.s.

d�§{¡{Xt}��.

e�ÅL§{Xt, t ≥ 0}´�§Két > 0, k

E[Xt] = E[E[Xt|X0]] = E[X0] (6.5.2)
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�lÑ�aq§keã{ü~f.

~~~ 6.5.1 �{Yt, t ≥ 0}´"Ð�äk²­ÕáOþ�
�ÅL§.-

Xt = X0e
Yt

Ù¥X0��~ê.eE[eYt] = 1§K{Xt, t ≥ 0}´���.¯

¢þ

E[|Xt|] = |X0|E[eYt] = |X0|(E[eY1])t = |X0|

2é0 ≤ s < t§k

E[Xt|Xr, 0 ≤ r ≤ s] =E[Xse
Yt−Ys|Xr, 0 ≤ r ≤ s]

=XsE[eYt−Ys]

=XsE[eYt−s] = Xs, a.s.
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½½½ÂÂÂ 6.5.2 �K2Â�Å¼êτ(=τ : Ω −→ [0,∞])

¡�FtÊ�§ XJP{τ < ∞} = 1§¿�é��t ≥ 0§

{τ ≤ t}´Ft�ÿ�§=

{τ ≤ t} ∈ Ft

AO/§�Ft = σ(Xs, 0 ≤ s ≤ t)�§τ¡�'u�ÅL

§{Xt, t ≥ 0}�Ê�. e�3~êk > 0¦�P{τ ≤ k} = 1§

K¡τ�k.Ê�.
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e¡´�Ø���­�(Ø))Ê�½n§=3·�^

�e§òª(6.5.2)¥�t��¤Ê�τ�§�ªE,¤á.

½½½nnn 6.5.1 eτ´k.Ê�§Kk

E[Xτ ] = E[X0]

�Ø�,��­��(J´Âñ½n.

½½½nnn 6.5.2 �{Xt, t ≥ 0}´���¿�Xt ≥ 0, ∀t ≥
0({¡��K�)§K�3A�??Âñ�k�4�§=k

lim
t→∞

Xt = X∞ <∞, a.s.


